Abstract. In this paper, the concept of (i; j)--P -open sets in bitopological spaces are introduced and characterizations of their related notions are given.
Introduction
The notion of bitopological space (X; 1 ; 2 ) which is a nonempty set X endowed with two topologies 1 and 2 is introduced by Kelly [1] . Also in [1] , some basic results of separation axioms in topological spaces are extended to bitopological spaces. In a bitopological space (X; 1 ; 2 ), a set S X is called (i; j)-preopen [2] if S i -Int( j -Cl(S)), where i; j = 1; 2 and i 6 = j. For a subset S of a bitopological space, i -Int(S) and i -Cl(S) stand for the interior and the closure of S with respect to the topology i , respectively. A function f : (X; 1 ; 2 ) ! (Y; 1 ; 2 ) is called (i; j)-precontinuous [2] if the inverse image of every i -open set in (Y; 1 ; 2 ) is (i; j)-preopen in (X; 1 ; 2 ).
Ogata [3] de…ned an operation on a topological space (X; ) as a mapping from into the power set P(X) of X such that U (U ) for each U 2 , where (U ) denotes the value of at U . By means of this operation, he de…ned the concept In topological spaces, some generalizations of -open sets are introduced and some properties of these sets are investigated. Krishan and Balachandran [5] de…ned -preopen sets. A subset S of a topological space (X; ) is said to be -preopen if S -Int( -Cl(S)). Later , -P -open sets are de…ned and some weak separation 226   M ERVE ·  ILKHAN, M AHM UT AKY ·  I ¼  G ·  IT, AND EM RAH EVREN KARA axioms are introduced by Khalaf and Ibrahim [6] . A subset S of a topological space (X; ) is said to be -P -open if S Int( -Cl(S)). By P O(X; ), we denote the family of all -P -open sets in (X; ).
Operations on bitopological spaces were studied in [7] . An operation on a bitopological space (X; 1 ; 2 ) is a mapping :
In [8] , the author studied some separation axioms in bitopological spaces by utilizing operations on such spaces.
By i -Int(S) and j -Cl(S), we denote the -interior of S in (X; i ) andclosure of S in (X; j ), respectively.
The main purpose of this paper is to extend the concepts of -preopen sets and -P -open sets which are weaker than -open sets to bitopological spaces. We give some properties related to these sets and also introduce some separation axioms in bitopological spaces. Further we de…ne new types of functions in bitopological spaces, namely (i; j)--pre-continuous and (i; j)--P -continuous functions.
(i; j)--P -Open Sets
Throughout the paper, we assume that i; j = 1; 2 and i 6 = j.
De…nition 1.
A subset S of a bitopological space (X; 1 ; 2 ) with an operation on 1 [ 2 is said to be:
The following example shows that the converse of the above theorem is not true generally. Example 1. Consider X = fa; b; c; dg with topologies 1 = fX; ;; fbg; fdg; fb; dg; fa; b; cgg, 2 = fX; ;; fag; fdg; fa; bg; fa; dg; fa; b; dgg and a subset fa; bg of X. Let be an operation on 1 [ 2 de…ned as follows:
The following example shows that the converse of the above theorem is not true generally. Then fbg is (1; 2)--P-open but fbg = 2 1 .
Theorem 4. Let fS : 2 g be a class of
The intersection of two (i; j)--P-open sets is not need to be (i; j)--P-open as shown in the following example.
Example 5. Consider X = fa; b; cg with topologies 1 = fX; ;; fag; fa; bgg and 2 = fX; ;; fbg; fa; bgg. Let be an operation on 1 [ 2 de…ned as follows:
Then the sets fa; cg and fb; cg are (1; 2)--P-open but their intersection fcg is not
Example 6. Let X = fa; b; cg be given with topologies 1 = fX; ;; fag; fb; cgg, 2 = fX; ;; fbgg and be de…ned as follows:
Then it is obtained P O(X; 1 ) = fX; ;; fag; fbg; fcg; fa; bg; fb; cg; fa; cgg; P O(X; 2 ) = fX; ;; fag; fbg; fcg; fa; bg; fb; cg; fa; cgg and P O(X; 1 ; 2 ) = fX; ;; fag; fa; bg; fa; cgg:
A subset F of a bitopological space (X; 1 ; 2 ) with an operation on
By P C(X; 1 ; 2 ), we denote the family of all (i; j)--P -closed sets in (X; 1 ; 2 ).
Conversely, we obtain
which completes the proof.
Theorem 6. Let fF : 2 g be a class of
Proof. The proof follows from De…nition 2 and Theorem 4.
The union of two (i; j)--P-closed sets is not need to be (i; j)--P-closed. By Example 5, the sets fbg and fag are (1; 2)--P-closed but their union fa; bg is not (1; 2)--P -closed.
By (i; j)--P -Int(S) ((i; j)--pre-Int(S)), we denote the (i; j)--P -interior ((i; j)--pre-interior) of S consisting of all (i; j)--P -interior ((i; j)--pre-interior) points of S.
Theorem 7. The following properties hold for any subset S of a bitopological space (X; 1 ; 2 ):
Proof. The proof follows from de…nitions.
Theorem 8. The following properties hold for any subsets S 1 , S 2 and any class of subsets fS : 2 g of a bitopological space (X; 1 ; 2 ):
Proof. The …rst statement is obvious. The second and the third ones follow from 1 which implies
The reverse inclusions in 2 and 3 of Theorem 8 may not be applicable as shown in the following examples.
Example 7. Let X, 1 , 2 and be as in Example 6. Then we have
Example 8. Let X, 1 , 2 and be as in Example 5. Then we have fcg = (i; j)--P -Intfa; cg \ (i; j)--P -Intfb; cg * (i; j)--P -Intfcg = ;: De…nition 4. (i; j)--P -cluster ((i; j)--pre-cluster) point of a subset S of a bitopological space (X; 1 ; 2 ) is a point x in X satisfying V \ S 6 = ; for every
By (i; j)--P -Cl(S) ((i; j)--pre-Cl(S)), we denote the (i; j)--P -closure ((i; j)--pre-closure) of S consisting of all (i; j)--P -cluster ((i; j)--pre-cluster) points of S.
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Theorem 9. The following properties hold for any subset S of a bitopological space (X; 1 ; 2 ): 1. (i; j)--P -Cl(S) is the intersection of all (i; j)--P -closed sets (the smallest (i; j)--P -closed set) containing S.
2. (i; j)--P -Cl(S) is an (i; j)--P -closed set. 3. S is (i; j)--P -closed if and only if S = (i; j)--P -Cl(S).
Theorem 10. The following properties hold for any subsets S 1 , S 2 and any class of subsets fS : 2 g of a bitopological space (X; 1 ; 2 ):
Proof. It can be proved in a similar way with the proof of Theorem 8
The reverse inclusions in 2 and 3 of Theorem 10 may not be applicable as shown in the following examples.
Example 9. Let X, 1 , 2 and be as in Example 5. Then it is obtained P C(X; 1 ; 2 ) = fX; ;; fag; fbg; fcg; fb; cg; fa; cgg. Thus we have
Example 10. Let X, 1 , 2 and be as in Example 6. Then it is obtained P C(X; 1 ; 2 ) = fX; ;; fbg; fcg; fb; cgg. Thus we have fbg = (i; j)--P -Clfag \ (i; j)--P -Clfbg * (i; j)--P -Cl (fag \ fbg) = ;:
Theorem 11. The following properties hold for a subset S of a bitopological space (X; 1 ; 2 ):
Proof. The proof follows from de…nitions. Theorem 13. A bitopological space (X; 1 ; 2 ) is (i; j)--P -T 0 if and only if for each distinct points x and y of X (i; j)--P -Clfxg 6 = (i; j)--P -Clfyg.
Proof. Let x and y be any two distinct points of X. Suppose that U contains x but not y for an (i; j)--P -open set U of X. Then we have fyg \ U = ; which implies x = 2 (i; j)--P -Clfyg. Hence the result (i; j)--P -Clfxg 6 = (i; j)--P -Clfyg is clear. Conversely, suppose that (i; j)--P -Clfxg 6 = (i; j)--P -Clfyg for every distinct points x and y of X. Let z 2 (i; j)--P -Clfyg but z = 2 (i; j)--P -Clfxg. Then we have fyg \ U 6 = ; for every (i; j)--P -open set U containing z and fxg \ U = ; for at least one (i; j)--P -open set U containing z. That is y 2 U and x = 2 U for an (i; j)--P -open set. Thus the space X is (i; j)--P -T 0 .
De…nition 7.
A bitopological space (X; 1 ; 2 ) is said to be (i; j)--P -T 1 if for every distinct points x and y of X, there exist two (i; j)--P -open sets which one of them contains x but not y and the other one contains y but not x. Theorem 14. A bitopological space (X; 1 ; 2 ) is (i; j)--P -T 1 if and only if for each point x of X (i; j)--P -Clfxg = fxg.
Proof. Let y = 2 fxg for x; y in X. Then by hypothesis, there exists an (i; j)--Popen set U such that y 2 U but x = 2 U . The result follows from fxg \ U = ; which means y = 2 (i; j)--P -Clfxg. Conversely, let x 6 = y for x; y in X. Since x = 2 (i; j)--P -Clfyg and y = 2 (i; j)--P -Clfxg, there exist (i; j)--P -open sets U and V containing x and y, respectively such that fyg \ U = ; and fxg \ V = ;. Hence we have x 2 U , y = 2 U and y 2 V , x = 2 V . Thus the proof is completed.
De…nition 8.
A bitopological space (X; 1 ; 2 ) is said to be (i; j)--P -T 2 if for every distinct points x and y of X, there exist two disjoint (i; j)--P -open sets which one of them contains x and the other one contains y.
Theorem 15. A bitopological space (X; 1 ; 2 ) is (i; j)--P -T 2 if and only if for each distinct points x and y of X there exists an
Proof. The proof is obvious.
Theorem 16. A bitopological space (X; 1 ; 2 ) is (i; j)--P -T 2 if and only the intersection of all (i; j)--P -closed (i; j)--P neighborhood of each point of X consists of only that point.
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Proof. Let x be any point of X. Suppose that there exist (i; j)--P -open sets U y and V y such that x 2 U y , y 2 V y and U y \ V y = ; for each point y which is distinct from x. Hence XnV y is an (i; j)--P -closed (i; j)--P neighborhood of x which does not contain y since the inclusion U y XnV y holds. This means that the equivalence \fXnV y : y 2 X; y 6 = xg = fxg holds which completes the …rst part of the proof. Let x and y be any two distinct points of X. By our hypothesis, there is an (i; j)--P -closed (i; j)--P neighborhood of x in which y is not contained. Then we have y 2 XnU and XnU is (i; j)--P -open. Also, there exits an (i; j)--P -open set V containing x such that V U since U is an (i; j)--P neighborhood of x. It is clear that the sets V and XnU are disjoint. This shows that X is an (i; j)--P -T 2 space.
(i; j)--P -continuous functions
De…nition 9. Let f : (X; 1 ; 2 ) ! (Y; 1 ; 2 ) be a function and x be any point of X. f is said to be (i; j)--P -continuous (resp.
Theorem 17. For a function f : (X; 1 ; 2 ) ! (Y; 1 ; 2 ), the following statements are equivalent:
2 ) 1 Let x be any point of X and H be a i open set containing f (x). By the assumption,
we have f (G) H which concludes the proof.
2 , 3 It is obvious. 1 ) 4 Let S be a subset of X and f (x) 2 f ((i; j)--P -Cl(S)), where x 2 (i; j)--P -Cl(S). Take any i open set H of Y containing f (x). Since there exists an (i; j)--P -open set G of X containing x such that f (G) H and also G \ S 6 = ;, we have H \ f (S) 6 = ;. This means f (x) 2 i -Cl(f (S)). Thus the inclusion f ((i; j)--P -Cl(S)) i -Cl(f (S)) holds for any subset S of X.
4 ) 5 Let T be a subset of Y . Then by the inclusion in 4, we have f ((i; j)--PCl(f 1 (T ))) i -Cl(T ). Taking the pre-image of both sides, we obtain (i; j)--PCl(f 1 (T )) f 1 ( i -Cl(T )). 5 ) 3 Let C be i -closed in Y . Then by the inclusion in 5, we have (i; j)--PCl(f 1 (C)) f 1 (C). Hence f 1 (C) is (i; j)--P -closed in X.
Corollary 2. 
